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Abstract 
This paper is motivated by an open problem of inequalities of 

confluent hypergeometric functions. Our goal is to derive some 

inequalities for error, incomplete gamma and Whittaker's functions. 
 

AMS Mathematics Subject Classification(2010): 26D15; 30A10; 

26D07. 
 

Keywords: Confluent hypergeometric function; Incomplete gamma 

function; Error function; Whittaker's function. 

 
1. Introduction 

Inequalities for the ratio of confluent hypergeometric functions are 

described in the literature. The two sided inequalities for confluent 

hypergeometric functions have been established by Luke [7, 8, 9, 

10]. The second author has earlier studied the inequalities for 

Humbert functions [14]. The reason for interest in this family of 

incomplete gamma, error and Whittaker's functions are related to 

their intrinsic mathematical importance and the fact that these 

functions have applications in physics. Here we obtain some 

inequalities for incomplete gamma, error and Whittaker's functions. 

The following relations bring about various applications in the 

theory of inequalities of special functions [2, 3, 4, 5, 12]. As natural 

relations to the foregoing discussion, it is pertinent to examine the 

inequalities of the ratios of confluent hypergeometric function [1, 6], 

Theorem 1.1. (i) Let a > 0, c > 0, 0 < x < 1, then 
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(ii) Let c > a > 0,     , then 
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Theorem 1.2. Let c > a > 0 and y > x > 0, then 

     
  (     ) 

  (     ) 

                                                          (   ) 

Theorem 1.3. (i) Let a > 0, b > 0,  c > 0, d > 0, 0 < x < 1      and           

0 < y < 1, then  
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(ii) Let c > a > 0, d > b > 0, x > 0 and 0 < y <1, then 
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 In the next three sections, we will discuss some inequalities for the 

error, incomplete gamma and Whittaker's functions.  

2. Inequalities for error function of complex variable 
 

We note the following link between the error function erf(x) of 

complex variable and the confluent  hypergeometric function     

[11, 13] in the form 
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From the results (1.1)-(1.5), we have the following inequalities 
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And 
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The incomplete error function is defined by 

    ( )        ( )                                                        (   ) 

Some special cases of inequalities for erf(x) are listed below: 
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3 Inequalities for incomplete gamma function 

Let us consider a naturally terminating     [11, 13], for a non-

negative integer a, then the incomplete gamma function  (   )  of 

complex variable z are defined by 

 (   )            (        )                                              (   ) 

From (1.1), (1.2) and (3.1), we have 
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From (3.1) and (1.3), we find that 
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Thus, combining (1.4), (1.5), (3.1) and (3.2), we get 
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and also, for a, b > 0, x < 0, −1 < y < 0, we get 
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Our interest is to show that our inequality (3.6) gives inequality at x 

= 1, y = 0.5 and a = 1 
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and from (3.2), we have 

                          (      )                            

 

4 Inequalities for Whittaker's function 

The Whittaker's function     ( )  are linked to the confluent 

hypergeometric function     [11, 13] by the following relation 
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From (1.1), (1.2) and (4.1), we have 
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It therefore readily follows from (1.3) that 

(
 

 
*
  

 
 
 
 
 
(   )  

    ( )

    ( )
 (

 

 
*
  

 
 
 
 
 
(   )  

     
 

 
                      (   ) 

Also, from (1.4), (1.5) and (4.1), we have 
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Not only do our results hold under weaker conditions but they also 

provide sharper bounds for y > x when compared with Bordelon's 

result (4.1). Further, the results obtained have the advantage that the 

ratio of the Whittaker's function 
    ( )

    ( )
  satisfies a two-sided 

inequality. 

For example, for the set of values x = 0.5, y = 1, m = n = 0.5, k = l = 

−0.5, we have from (4.5) 
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         ( )
                                    

whereas from (4.5) we have the lower bound 
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and for the set of values x = 0.8, y = 0.9, m = n = −25, k = l = 0 we 

have from (4.5) 

                                   
        (   )

        (   )
                                     

In conclusion we observe that on repeated application of the known 

bounds of confluent hypergeometric functions, more results could be 

obtained inequalities for incomplete gamma, error and Whittaker's 

functions, but the details are omitted for reasons of brevity. Further 

results and applications will be discussed in a forthcoming paper. 
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